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Introduction

This is a report on joint work with

e ROBERT BOLTJE (Santa Cruz, U.S.A))

@ SEBASTIAN BURCIU (Bucharest, Romania)
@ SUSANNE DANz (Oxford, Great Britain)

e LARrs KADISON (Porto, Portugal)

Origin: Operator algebras

Background:
F. M. GoobpMAN, P. DE LA HARPE, V. F. R. JONES,

Coxeter graphs and towers of algebras,
Springer-Verlag, New York 1989
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Ring extensions

A ring extension consists of (associative unitary) rings B C A
such that 15 = 14.

Main example in this talk:

RH C RG

where H is a subgroup of a finite group G
and R # 0 is a commutative ring.
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Depth 1 and 2

A ring extension B C A has depth 1 if
A|B" in gModg
for some n € N.

(“I" means: “is isomorphic to a direct summand of")

A ring extension B C A has depth 2 if
A ®B A | A" in AMOdB and BMOdA
for some n € N.

Remark: depth 1 = depth 2

BURKHARD KULSHAMMER The Depth of Subgroups and Subrings



Induction and Restriction

For categories C, D and functors ®,V: C — D, we write ¢ | ¥ if
there are natural transformations ¢: ® — WV, 7 : ¥V — & such
that m ot = ide.

Proposition

A ring extension B C A has depth 2
<—> there is n € N such that

ResgIndgRess | (Resp)",

as functors sMod — gMod and Mod, — Modg
<> there is n € N such that

IndA ResBInd |(Ind’,43)",

as functors gMod — sMod and Modg — Modj,.
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Group algebras

R # 0 commutative ring
H < G finite groups
RH C RG group algebras

Proposition (BoLTJE - K. 2010)

The ring extension RH C RG has depth 2 iff H is normal in G.

Remarks:

(i) This generalizes an earlier result (KADISON - K. 2006) for the
case R =C.

(ii) One has a similar result for Hopf algebras.
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Group algebras

Corollary (BoLTJE-K.)

e If G = HCg(H) then the ring extension RH C RG has depth
1, for any commutative ring R ## 0. The converse, however,
does not hold.

@ Let K be a field of characteristic 0. Then the ring extension
KH C KG has depth 1 iff G = HC¢(h) for every h € H.

@ Let F be a field of characteristic p > 0. The ring extension
FH C FG has depth 1 iff G = HCg(E) for every
p-hypo-elementary subgroup E of H.

Remarks:

(i) Here a group E is called p-hypo-elementary if E contains a
normal subgroup N of p-power order such that E/N is cyclic.
(i) We do not have a group-theoretic condition characterizing
depth 1 extensions ZH C ZG of integral group rings.
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Larger depth

B C A ring extension

depth 1: A| B" in gModg

depth 2. A®g A| A" in pModg and gMod,4

depth 3: ARg A | A" in gModg

depth 4: AR AR A ‘ (A KB A)n in pAModg and gMod,4

Remark: (i) depth n = depth n+1

So one is usually interested in the minimal depth d(B, A).

(ii) Larger depth can also be expressed via induction and restriction
functors, e.g. the depth 3 condition means:

RespIndaResgIndp | (RespIndg)”,

for some n > 0.
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Group algebras

R # 0 commutative ring
H < G finite groups

Theorem (BoLTJE-DANZ-K.)
The ring extension RH C RG has finite depth. More precisely,

d(RH,RG) < 2k —1 < 00

where k denotes the number of conjugacy classes of subgroups of
Hx H.
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G, H, K finite groups

Definition.

A G-H-biset is a (finite) set X, together with a left G-action and
a right H-action, such that both actions commute. Every
G-H-biset X can be considered as a left G x H-set via

(g,h)-x:=g-x-h' for g€ G, heH, xeX,

and conversely. For a G-H-biset X and an H-K-biset Y, one can
define a G-K-biset

XxpY ={[xyl:xeX, yeY}

where [x, y] is the H-orbit of (x,y) under the action defined by
(x,y)-h:=(x-hht.y)forxe X, hecH ycY.
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The G-H-bisets form a category Sety; the morphisms are the
G-H-equivariant maps.
Iterating the construction on the previous slide one can define the
G-G-biset
©n:=0,(H,G):=Gxy---xy G (nfactors),
for n > 0. In addition, we have the H-H-biset
@0 = eo(H, G) = H.

Then RG ®gy - -+ @ry RG = RO,(H, G) for every n.
Moreover, we have chains of morphisms in ySet¢ and ¢Sety:

01 >0y — -
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Depth of subgroups

H < G finite groups

Definition.

If n>0and ©py1 — (©,)™ in ySety for some m > 0 then H is
said to have depth 2n+ 1 in G.

If n>0and ©,11 — (©,)" in ySets and ;Sety for some m > 0
then H is said to have depth 2n in G.

Remarks.

(i) Here X™ denotes the disjoint union of m copies of X.

(ii) Depth d implies depth d + 1. So one is usually interested in
the minimal depth d(H, G).
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Depth of subgroups

H < G finite groups
R # 0 commutative ring

Theorem (BoLTJE-DANZ-K.)

Let k be the number of conjugacy classes of subgroups of H x H.
Then
d(RH,RG) < d(H,G) <2k —1< 0.

In particular, H has always finite depth in G.

A

Theorem (BoLTJE-DANZ-K.)

(i) d(H, G) = 1 if and only if G = HCg(H).

(i) d(H, G) < 2 if and only if H is normal in G.
(iii) d(H, G) < 3 if H is a Tl-subgroup of G, i.e.

HngHg ! e {H,1} for g € G.

A\
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Depth of subalgebras

R, S non-zero commutative rings
H < G finite groups

Proposition
(i) If R — S is a unitary ring homomorphism then

d(SH,SG) < d(RH, RG).

(i) If R C S is a field extension then d(SH, SG) = d(RH, RG).

One can therefore define dy(H, G) := d(KH, KG) where K is a
field of characteristic 0, and d,(H, G) := d(FH, FG) where F is a
field of characteristic p > 0. Then

do(H, G) < dy(H, G) < d(ZH,ZG) < d(H, G).
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Symmetric groups
d(Sn, Snt+1) =2n—1 and d(RSp, RSp41) = 2n — 1 for every n >1

and every commutative ring R # 0.

Alternating groups

e d(An, Apy1) =2n—3 for n> 2.
e do(An,Ant1) =2n—2[y/n| +1for n>2.
e We don't know (yet) the values of d,(An, Apy1) for p > 0.
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Complex group algebras

H < G finite groups
Irr(G) = {x1,---,Xr}
Irr(H) = {¢1,...,9¥s}

Write
Ind§;(¢);) @mux, G=1,...,s).

Frobenius reciprocity:
S
Resg(xi) = @ mip; (i=1,...,r).
=1

Then M := (mj;) € N{** is called the inclusion matrix of the ring
extension CH C CG.
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Complex group algebras

M is the matrix of Ind§: Ko(H) — Ko(G)
MT is the matrix of Res&: Ko(G) — Ko(H)
M? := MM is the matrix of ResgInd§,

M3 := MMT M is the matrix of Indf,Resf,Indf,

Proposition

The ring extension CH C CG has depth n > 2
& Z(M™1) = Z(M"1)

Here Z(M) = {(i,j) : mj = 0}.

BURKHARD KULSHAMMER The Depth of Subgroups and Subrings



Complex group algebras

Example:

A=CS;3, Irr(A): 1,2, 1
B =CS5;, Irr(B): 1,1
10 , > 1 , 2 1
M=1111], M = L M= 3 3|,

01 1 2

Thus Z(M*) = () = Z(M?), so the minimal depth is 3.
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Inclusion graph I' (Bratteli diagram)

Vertices: X1,...,Xr» Y1+, Us
Edges: xi —— ¢j <= m; # 0

Example: CS, C CS3

NVAA

Proposition

The ring extension CH C CG has depth 2n + 1 iff any two
irreducible characters of H in the same connected component have
distance at most 2n in .
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Complex group algebras

H < G finite groups
K := Coreg(H) := ﬂgeGgHg_1 <G coreof Hin G
I" inclusion graph of CH C CG

Proposition

(i) There is a bijection
{connected components of '} <— {G-orbits on Irr(K)}.

(ii) If K is the intersection of n conjugates of H in G then
CH C CG has depth 2n (even 2n — 1 if K C Z(G)).
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Complex group algebras

Example:

G =5, Irr(G): 1,3,2,3,1
H = Dg (dihedral group), Irr(H): 1,1,1,1,2
K = V4 (Klein four group), Irr(K): {1}, {1,1,1}

AVAVENAWAN

2 connected components, minimal depth 4.
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Happy Birthday, Jacques
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